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It is now clear that the NCTM publicati on in 1989,
Curriculum and Evaluation Standards for School Math·
emetics, was succes sful beyond expecta tion in focusing atten tion on the d irection s America n math em atics ed ucat ion sho uld take. Bu t how d oes one d esign a comple te, self-contain ed, K-9 cu rriculum tha t wholly inco rporates and meets these laudable st andards?
A read ing of the Standards reveals an underlying call for "h u manism " in the teaching of child ren, no t on ly in mathem atics bu t in all di sciplines. To this writer that read ing suggests a ma th emat ics program (and an implicit definition of the word "hu manism") in which ...
• child ren are con tin ually involved in the p rocess of learn ing ma thematics as participants, not as spectators;
• mathematical id eas gro w out of reac tions of child ren to intriguing situations posed by the progra m (such as p retend situatio ns in ea rly years, situat ions from elementary science and / or history of ma thematics in later years);
• learning of routine arithmetic skills occu rs in the p rocess of reacting to the situa tions posed and not only in rate drill;
• the man y facets of mathem atics rein force each other (for exam ple. in the elem entary grades) with arithmetic. geo metry, and p roba bility eac h interactin g with an d clarifying the others;
• hav ing accep ted the p roposition tha t no one can master an id ea completely on first, or even second, encounter, the main mathematical ideas con tinue to reoccur in a spiral cu rriculum in w hich the id eas are viewed man y times from d ifferen t perspectives an d in d eeper an d more revealing form ;
• the teacher relinquish es the role of mathematical au tho rity, beco ming a facilita tor as the child ren di scuss an d in vestigate ways of d ealing with the situations pose d; the authority then belongs to logica l
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thinking and the mathema tics as it is d eveloped ;
• reliance on language is reduced in the early yea rs to allow develop men t o f simple mat hematical co nce p ts that only seem complex when "d escribed" in words ;
• intuitive logic and thinki ng skills are d eveloped ind irect ly through gam es and story situations th at involve cataloging attribut es of arithmetic and geometric relations;
• stud en ts write th eir ow n textbooks in the form of jou rna ls that record the high points and di scoveries of the lessons.
An example of such a K-9 p rogram now exists (more of which later), b u t the naggin g questions are: How to "sell" suc h a p rogram to the textbook publishers? To the test makers? To the " mastery" advocates? To the ed ucation estab lish ment?
There is a long list of p robl ems in the '90' s that thwart wide im plemen tati on of s uch a curriculu m, a list to which everyone interested in ed ucation can ad d a favorite . On the list is the problem of teacher training and retraining. Some would argue that the need is for a revamping of the teacher train ing progra ms in the u niversities. Bu t in what directions and under wha t sta ndards? Others would argue for broad progr am s of local teacher retraining. Butby whom and w ith w ha t agendas? Others wo uld p refer to p u t political p ressu re on the test makers to revise the con ten t and format of the stand ardized tests, as , for example, is now being d one with some success in Japan. But it is clear to ma n y observers that in spite of the Standards, we alrea dy ha ve a d eeply en tre nched set of national sta ndards, w hich are set b y the textbook publish ers and the test makers, as well as b y the inertial carryover of trad itional and comfortab ly famil iar cu rricula and ped agogy in the schools.
Thus it would appea r that before any serious reform effort can be mounted in teacher training, in test making an d consequen tly in co mmercial textbooks, there CHILDREN OFAGES 5 OR 6: In this type of situation you ng child ren grapple with 4. E has no sisters in the pl ayground . 5. A and B are sisters, so th at both are girls . 6. G and H did not listen to th e instructi ons.
(Why?) They should have pointed to each other because they are both sisters of F. (Let child ren draw thes e arrows. Th en tell them that now all the child ren th at can say, "You are m y sister" have d one so.) 7. At thi s point some child in every grou p will probably say, "C is a boy." If we ask, "How d o yo u know tha t?" we get an answer th at in adu lt langu age goes like this: Su p pose C were a gi rl. Then C would be D's sister. But there is no a rro w fro m D to C. Sowe see that C is not D's sister, and hence C is not a girl. So C is a boy. 8. Th ere are child ren from four d ifferent fam ilies in the pla yground . 9. C is D's brother. (Now ask stu dents to d raw blue arrows for "You are my brother") They w ill draw three blue arrows: from D to C, from G to F and from H to F.
you are my s ist er
In the game the children are playing each child points to his or her ststerts ) and sa ys, "You are my siste r." Draw red arrow s as ind icated below to show how the children responded.
da ys, for example, d ots might represent ducks in a pond , or marbles in a bag, or numbers, or lines in a plane, etc.
What sort of com ments will five or six year-olds make when asked, "What does this picture tell us about the child ren in the playground ?"
Tell a sto ry abo ut some ch ild ren in a playground . While telling the story, we d raw the above d iagr am and sa y, "The children in our story are playing a game." Exp lain that each child in the playground is represented by exactly one dot, and each d ot is for exactly one child. It is not necessary to d raw pictu res of child ren; in fact, such pictu res m ight even di stract the child ren from the purpose of the lesson . On other Ped agogically rich situ ations sim ilar to the following exa mples can be used successfully to teach computation al skills and at th e sa me time give students enjoyable experiences wi th numerical relationships. We w ill also see non-numerical examples that are more dramatic in their continued stimu lation of intellectu al invo lvement at all levels of ma thematics. must first be a national sense of the way child ren sho uld be taught an d how the y should be involved in the learning process; i.e., we sho uld confront the issues and make a decision about ped agogy.
It is easy sim ply to say. "We need a pedagogy that provides for con tinued intellectual involveme nt of child ren in the learning process." But to describe fully such a pedagogy, along wi th its philosophical basis, would require volumes and yea rs of debate. Instead, it m ight be possible to understand what is meant by "a pedagogy of situ ations ", to coin a label, by looking at some exampl es of situ ations and typical reactions of child ren to them. These exam ples, taken from an existing complete K-9 progr am , show how child ren of va rious ages can be engaged in int ellectual experiences, some of which might not seem to be mathem atical by trad itional standards. We argue that such situations have strong implications for ma thematics, an d for other d iscip line s as well.
p roblem s of symb oliza tion an d the rela tion of a s ymb ol to the object it rep resents. They also give b ea u tiful argumen ts qui te like th ose tha t are at the hea rt of ma th ema tics.
CHILD REN OFAGES 6 OR 7:
Tell a st ory abou t a boy, Nick, who wanted to be a detective when he gre w up . His grandmothe r makes u p a ga me for N ick w h en he visits h er. She draws this di agram nose, one is for gran d mother, and the other th ree are for the bugs." (Wh y?) "Can you now tell m e what d ots are for which objects?" Nick was disco u rag ed and his gr an dmothe r gave him another clue by drawing a blue string. "The blue string is for all living things that can climb trees ." Nic k is a gre at tree climber, and so he kn ew his ow n do t is inside the blue string. "But what ab ou t tho se tw o d ots ou tsid e both strings?" Nick kn ew. Do you? (They m us t be for Ni ck's nose and grandmother, neither of w hich climb s trees .) and tells him the dots are for three rabbits, her poodle, her thr ee cats, three bugs, a sq uirrel, herself , Nick, and Ni ck's nose.
She as ks, "Can you tell w hich d ot is for which object?" Nick w as puzzled , but she assured him that h is ta lents as a d etective wou ld help h im . "H ere are some clues," she says as she draw s a red string . "The red string is for anim als with fou r legs. Is th e dot for you inside the red string ?" "Whe re is my pood le?" (Insid e the red string b u t outsid e the blue string.) "Where are th e three b ug s and the three cats?" Ni ck need s another clu e, because he can't tell which d ot is for whic h thing.
"Your last clue, a green string, is for all living things tha t like to eat meat."
Nick becam e very excited, because now he kn ew exactly which dot was for him , since he loved to eat me at. Nick im mediately kn ew the answer; w hat was it? He also knew tha t the rabbi ts, the poodle, th e cats and th e sq uirre l w ere inside the red string, bu t he didn't kn ow whi ch were w hich . "What about the d ots ou tsid e the red string?" One is for Ni ck, one is for Nick's Which dot is for Nick? Children he aring the story tend to reason somew hat like this: Nick climbs trees and eats mea t bu t doesn 't ha ve fou r legs. So the dot for Nick is the only one that is inside both the blue and green strings but outside the red string. Then Nick though t abou t the strings an d soon was able to identify all the dot s. Can you, for example, find the dot for his grand mother? Nick's grandmother likes to ea t meat, but can' t climb trees and doesn't have four legs . So the dot for her is the only one inside the green string bu t outside both the red and blue strings. Similar reason ing identifies all the other dots. Why is the dot outsi de all three strings for Nick's nose ? Nick's nose, as a sepa rate object, has no legs, cannot climb trees and does no t eat meat. So its dot is outside all thr ee strings.
Children of this age will have met similar situations and will accept a suggestion to sim ulate this situa tion with a random device . Suppose they select a spinner such as the one shown below, with equ al regi ons, because all the tunnels are equally likely to be chosen random ly.
The king is a sporting fellow; so he gives his prisoners a cha nce to gain freed om. Each prisoner is given enough food to stay alive for 9 / 2 da ys and are allowed to select any of the three tu nnels at random and try to crawl to freed om . What do you think the chances are of this prisoner escaping? (By the wa y, what the pri soner doesn 't know is tha t if he lands in the pond he will be so confused that he won't know which tunnel he chose before. So he will again have to choose a tu nn el rand om ly, and possibly aga in, and again -if he has enou gh food left.) 
CHI LDREN OFAGES8 OR 9
Tell a story about a prisoner in a dungeon in a mythical land . The dungeon has three tunnels leading from it. Unknown to the prisoner are these facts: Each child then puts himself in the p lace of the prisoner and selects tu nnels by usi ng his sp inner. For example, one child might spin and get B (two days elapsed) and then spin ag ain and get C( three days elapsed), So this pri soner does not escape because his food ran ou t. Another child might ge t C on the firs t sp in, then A on the second; thus, this pri soner escaped . Still anothe r might get B on the first sp in, B CHILDREN OFAGES9 OR 10:
There has been much argument about the role of hand calculators in elemen tary mathematics education. Too often th ese cheap, littl e machines are th ou gh t of as on the second and A on the third; th is prisoner also escaped. Putting together the total experiences of the class it migh t be d ecid ed that it is slightly more likely that the p risoner escapes tha n not, but it also m igh t be too close to telL Lat er, at ages of 11 or 12, the ch ild ren will have had enoug h experiences with ran dom experiments to analyze this sit u ation w ith p robability tree diagrams . Using th e knowled ge tha t th e three outcomes of the sp inner are eq ually likely, th at is, that P(A) =P(B) = P(c) = 1/ 3, the ch ild ren draw a tree such as this, me rely tools for calcul ation, b ut in rea lity th ey als o can hav e a signi fican t role in th inking ab ou t and obtain in g insigh ts abou t nu mb er relations hip s. H ere is a di alogue between teacher (T) and students (5) in a class of 9-10 year-old ch ildren who h ave 8-d igit di sp lays on their h and calculators. All we kn ow is that there are exactly three of them , because th e dots are not labeled. T: I wonder w hether we have enough d ues alread y to tell what labels are on the strings, or w hether we need to make some pl ays to get more dues.
(Sometimes the game is played between two teams, each having available a set of cards labeled with numbers from which to play alternatively, with the teacher saying "yes"
if the card is placed in the proper region and "no" otherwise.) You can use your analysis sheets to help you decid e wheth er these clues will be enough to identify the strings. (Each student has a copy if the list of attributes) 5: We know that "6" is not a m ultiple of 4, or 5, or 10; so for the Red string we ca n cros s out "multip les of 4,
5, and 10". (Students do this in the Red column of their analysis sheets with "x"s.)
5: And Red. can't be "od d numbers" or " greater tha n 50" or "less than -10" or " is a positive d ivisor of 20 or
27". (All agree after giving reasons.)
T: Very good. We crossed out 8 of th e labels for Red . Are there others we can eliminate? 5: I have another. Red can't be "positive prime num-
Red
The above exam p les suggest th at child ren can be turned on just as much by intellectual challenges as they are often turned off by perfor m ing prescribed tasks to acquire computational speed and skills. These examples exploit wha t we could call the "langu ages of strings an d arro ws", which have wide potential to deal meaningfully w ith mat hem atical situ ations such as th ose in th e following examp les.
T: Good think ing . I'll record that number while you calculate 40 times 4,879,681.
S: But it overloaded again.
5: Tha t's OK. We can multiply 4 times 4,879,681 on th e calcu lator and then multiply that by 10 by put ting a "0" at the end to get 195,187,240. T: Very clever th inking! Now can we ad d th ese tw o on the calculator to get th e an swer? S: No. We already kn ow th at the answe r has more than eight d igits. So we mus t ad d the n umbers by hand . S: I did it. the n umber is 229,345,007. T: Good. I wonder what the largest n umber is tha t can be put on the displ ay of the calculator. Think about that. And if yo u press the "3" bu tton and th en the "x" butto n successively, what is the largest number that will show befo re overload? bcrs" . 5: I d on 't see an y more for Red . Bu t for the Blue string we can cross out all the "multipl es" beca use -1 is no t a multipl e of 2 or 3 or 4 or 5 or 10. An d we can cross out "po sitive prime nu mbers", "grea ter tha n 50", "less than -10" and all the "posi tiv e d ivisor" labels. (Again the class checks these suggestions and agrees.) But we still don't know the labels of the strings. T: H ave you thoug ht about the fact that both strings ha ve exactly thr ee numbers in common? 5: OK. Let 's suppose Red is for "multiples of 2 or "multiples of 3". Then those thr ee do ts in the middle are for "multiples of 2" or "multip les of 3" . Bu t those three dots are also in Blue, and the only possibilities for Blue are "odd", "less than 50" and "greater th an-10". But -1 is not a multip le of 2 or 3; so Blue could not be for "odd ". And blue could not be for "less than 50" or "g rea ter than -10" because there are more than exactly th ree m ultipl es of 2 and of 3 tha t are less than 50 and greater tha n -10; so blue can't be for "multiples of 2" or "multiples of 3" . These are the only possibilities for Blue if Red were for "multiples of 2" or "multip les of 3". That means we can cross these two off the Red . S: I have some more. Suppose bo th strings are for "less than 50" . Then all numbers less than 50 are in the middle region . But there are on ly three n umbers the re. So we can 't ha ve both strings for "less than
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50". Now su p pose Red is for "less than 50" and Blue is for "g rea ter than -10" . Then all the n u mb ers between -10 and 50 are in the m id d le region. But sinc e there are only three n umbers in the middle, thi s can't be tru e. So su p pose Red is for "is less than 50" and Blue is for "odd numbers " . But the re are more than th ree odd numbers less than 50. So we must conclude that Red can't be for "l ess tha n 50". S: The same argumen t shows that Red can't be for "g rea ter than -10". (The students will repeat the argument and then agree.) T: Now all that are left for Red are "d ivisors of 12, or 18, or 24", and for Blue are "odd numbers" , "less than 50" or "greater than -10".
Now the students' analysis sheets look like this: 5: We can use the same argume nt to sh ow that Blue can't be "less than 50" or "g reater th an -10". Suppose Red is for "positive divisors of 12, 18, or 24", and Blue is for "less than 50" . Then the re are more than four po sitive divisors of eac h of 12, 18, or 24 that are less than 50. So Blue can't be "less than 50" , and the same argument can be used to show th at Blue can 't be "greater than -10". Hey, we found the Blue string is "odd numbers". T: Who can fin ish the gam e? S: We know that Blue is "odd numbers". Although the depth of thinking involved in the above analysis seems rem ark able for students of ages 11 or 12, it must be understood that thes e students began thinking in this wa y at ages 6 or 7 by playing simpler string ga mes with attribute blocks . Then they moved on at ages 8 or 9 to string games which extende d to three strings and then to string games whose attrib utes are mathema tical relations or mathematical ope rations . What is mos t interesting about these games and the other mathematical situa tions in the program is the ent husiasm an d enjoy ment tha t children expe rience when the ir in telligence is engaged-an d it tu rn s out that ver y few children are immune to the joys of good thinkin g.
SOME EXAMPLESOFTHE "LANGUAGEOF ARROWS"
Much emphasis is p laced on exploiting the p ower of relational thinking. From the beginning children use arrows from dot to dot to describe the relation of the second object to the first, w ithout relying on the natural langua ge. For example, consider this arro w diagra m:
Ages 11 or 12: Suppose the dots are for numbers, the red arrow is for "4x" an d the blue arrow is for "-:- Comment: The relation denoted by the green ar row in each case is the composite of the relations of the red and blue arrows, in that order. In most situa tions the composite of the blue followed by the red gives an entirely different relat ion from the composite of the red followed by the blue, although in this case each order of the com position yields the same relation, na mely"4 x/5". In fact, this composite relation pr ecisely defines a fraction. For examp le. the fraction 4/ 5 is the result of applying the composite relation 4x/ 5 to the numb er 1.
Ages 12 or 13: Suppose the dots are for lines in a plane, the red arro w is for "you are parallel to me" and the blue arrow is for "you are perpendi cular to me". Wh at is the relation of the green arrow? (In this case, we wo uld have to change the color of the green arrow to blue, since line "a" would say to line "c", "You are perpendicular to me " , Ages 13 or 14: Suppose the dots are for rational numbers other tha n 0, the red arrow is for " R: you are my reciprocal" an d the blu e arrow is also a red R arrow. Wha t is the relation of the green arrow? (Here w e are forced to cha nge the diagram, beca use of the convention that each dot is for one and only one object. So the green arrow will be a loop from"a" back to "a /I, as below) Ages 14 or 15: Suppose the studen ts are faced with a situation that requires the solu tion (s), if an y, of the equation 1 /2( 2/ (x-1) -1)'2) = 2, x e I From past experience in the progra m students ordinarily would tackle this equation w ith an arrow diagram (shown below) but some w oul d need only visualize an arrow dia gram to gui de them as the y apply relations, all of w hich are fu nctions (i.e., mapp ings), as follow s. gr een Ages 6 or 7: Suppose the dots are for numbers, the red arrow is for "+5" and the blue arro w is for "-9". What is the relation of the green arrow? (That is, number "a" says to number "b", "you are 5 more than me" and the number "b" says to number "c", "you are 9 less than me"). Then what does the numb er "a" say to number "c"? (Ans: Green arrow isfor "-4") 
The mapping "<I" takes x to x-I: " R" takes x-l to 1/ (x-I); "Zx" takes I / (x-l) t0 2/ (x-l); "-I " takes 2/(x-1) to 2/ (x-1)-1 ; th e squ are ma pp ing "5" ta kes 2/ (x-I) -I '0 ( 2/(x-1) -l)' ; finally, ' he ma pping "0/2,." takes (2 /(x-l) -I)' to 0 / 2)( 2/(x-l ) -I)' . Each dot in the d iagram den otes a uniq ue object and reminds s tudents of its role: "one object-many names". In this case the last d ot in th e d iagram is for on e number with two names: .. 0 / 2)( 2(x-l ) -I F'' and "2", Then the return arrows (the con verse relations) are drawn, as below. All of these converse relations also are fun ctions, except for the converse of the squa re func tion 5, which is two-valued ("'./" and "•..J" ) onl y if ope ratinr. on a n u mber g reat er th an O. an d sin glevalued (" 'I") if operatin g on 0, a fact w hich the s tude nts have discovered in the past. No tice tha t the converse of "(l /2)x" is "Zx", wh ich map s 2 to 4, which is greater than 0; then the converse of 5 is two-valued, and maps 4 to 2 and to -2; etc. The process ends when it is found that if there is a number x satisfying the equa tion, then possible na mes for x are 5/ 3 or -1, neither of which is 1. Finally, it can be checked that if x = 5/ 3 or -1, then the equation is satisfied .
No tice tha t here there is no need for any confusing "ru les", such as "doing the same thing to bot h 'sides' of an eq uation", etc. Much of mathematics cons ists of the study and app lication of the composition of func tions; in fact, arrow di agrams are often used by mathema ticians when they " dood le with diagrams" as they think about abstract theories, where the dots m igh t even represent fun ctions.
The above examples im plicitly define a pedagogy that nss ures respect for children by providing for their continued intellectual involvement in thelearning process. It is a pedagogy that emphasizes logical and relational thinki ng of a kind that applies not only to mathe matics but to a whole spectrum of disciplines. Such a pedagogy can improve not only the intellectual climate but also the social climate of schools that employ it. There is another strength of suc h a program that ap plies pa rticularly in schoo l populations wit h specia l cultural characteristics; namely, it is essen tially culture-ne utral. There is no inhe rent advantage in com ing to it from the "right side of the tracks" nor from the othe r side.
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In regard to its diagramma tic and intu itive app roach, no child enters such a program with special "depriva tion " baggage.
As stated at the outset, there d oes exist a comp lete K-9 curriculum that mee ts the Standards an d from which the above examples of pedagogicall y rich situations were taken. The K-6 po rtion is the elemen tary componen t of the Comprehensive School Mat hematics Program (CSMP), wh ich was developed, tested nationall y , evaluated exten sively and published from 1969 to 1982 by CEMREL, the regional ed uea tion labora tory in 51. Louis, w ith NIE fundi ng . From 1982 to the presen t time the CSMP K-6 materials have been revised and extended to CSMP-MS, the 7th to 9th gra de program, by McREL, the regional ed ucat ion laboratory in Aurora, CO. The K-6 portion is availab le for use and the 7-9 portion is in the process of national pilot testing and ava ilable for trial by contacting:
C LARE H EIDEMA
McREL, 2550 S. P ARKER Ro., SUITE 500
A URORA, CO 80014.
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